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It  is  shovm  that  if  in  an  economy  each  consumer  has  a 
fixed  income  and  acts  so  as  to  maximise  a  concave,  continuous 
and  homogeneous  utility  function,  then  both  a  social  welfare 
and  a  community  utility  function  exist. 


AGGREGATION  OP  UTILITY  FUNCTIONS 


1.  Introduction.  The  concepts  of  economic  equilibrium 
and  agisregatlon  of  utilities  have  been  discussed  separately  in 
various  papers.  While  equilibrium  has  been  shown  to  exist  under 
very  general  assumptions  (see  [l] ) ,  the  community  revealed  pre¬ 
ference  may,  under  these  same  assumptions,  possess  intranslti- 
vltlesj  In  which  case  one  knows  a  priori  that  a  community  (or 
aggregate)  preference  ordering  does  not  exist. 

An  apparently  related  question  is  that  of  a  community 
pseudo-utility  (or  social  welfare  function) .  There  we  ask 
whether  there  Is  an  explicit  function  of  the  individual's 
utilities  (and  Independent  of  prices)  which  is  maximised  at 
equilibrium. 

.  The  purpose  of  this  paper  Is  to  show  that  if  every  member 
of  a  community  has  a  fixed  income  and  acts  according  to  a  con¬ 
cave,  continuous  and  homogeneous  utility  function  then  both  a 
community  utility  and  a  social  welfare  function  exist.  Ihus  one 
is  able  to  define,  unambiguously,  the  index  of  the  community 
standard  of  living  as  well  as  the  price  index. 

For  the  reader  who  is  Interested  in  practical  calculations 
of  equilibrium  distributions  and  prices,  these  are  shown  to  be, 
in  our  model,  the  primal  and  dual  variables  of  a  concave  pro¬ 
gramming  problem  with  linear  constraints.  With  the  objective 
function  given  explicitly  in  terms  of  the  individual's  utilities 
one  can  use  any  of  the  known  methods  of  concave  programming,  to 


calculate  the  de8lx*ed  quantities. 

Oux*  basic  tool  la  the  saddle  point  theorem  for  concave  pro- 
granmlng  (see  for  example  Theorem  1  of  [4]).  We  do  not,  however, 
require  the  functions  In  question  to  be  differentiable. 

2.  Definitions  and  Assumptions.  In  the  model  to  be  dis¬ 
cussed  we  have  m  buyers  B,  ,  ...,  B  and  n  goods  G  ,  ...,  G  . 

m  ID  n 

A  bxmdle  of  goods  Is  a  vector  x  «  in  real  n-space 

with  ^  0  for  each  J;  represents  a  quantity  of  Gj. 

We  further  assume  that  each  has  a  fixed  positive  Income 

B- ,  and  that  we  have  chosen  our  monetary  unit  in  such  a  manner 
m 

that  2  ■  1.  Finally,  each  buyer,  B^,  has  a  real  valued 

1«1 

non-constant  utility  function  Uj^(x)  defined  for  all  bundles 
X,  with  each  Uj^  being  concave,  continuous,  homogeneous  of 
order  1^  and  ^  0  for  all  bundles  x. 

Before  proceeding  further  an  explanation  of  the  above  Is 
called  for.  The  requirement  of  fixed  IncOTje,  is  of  course  not 
as  general  as  one  would  wish;  it  has  however  wide  applications 
and  It  is  this  assumption,  together  with  homogeneity,  which  en¬ 
ables  us  to  accomplish  the  tasks  outlined  in  the  Introducdon. 

The  fact  that  if  in  ^Ihe  above  model  we  remove  the  require¬ 
ment  that  each  u^  be  homogeneous  then  the  community  oetsand  need 
not  be  rational  Is  well  known.  One  need  not  go  very  far  to  con¬ 
struct  examples  with  an  Intransitive  oommunity  preference. 

For  a  given  set  of  non-negative  prices  p  «  (ir^,  ...,  r^) 

^See  Section  5. 
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the  Bi»t:  of  denoted  D^(p),  is  the  set  of  all  bundles 

which  maximize  B^^'s  utility  without  exceeding  his  personal 
budget.  More  formally; 

Di(p)  •^xlu^(x)  is  maximal  subject  to:  x^  0  and  xp  <  * 

In  general,  D^(p)  may  be  the  empty  set;  however  when  prices  are 
all  positive  it  follows  from  the  continuity  of  that  D^(p) 

is  non-empty.  We  also  define  the  conrounity  demand  to  be 

D  (p)  -  ^  D^(p)  all  i  -  1,  ...,  mj  . 

In  words,  D^(p)  la  the  set  of  all  those  bundles  that  are  demand¬ 
ed  at  prices  p,  by  the  coranunity  as  a  whole. 

Tlie  connunity- pseudo-utility  function  denoted  C.P.U, 
is  defined  by 

f  (*i, 

for  every  collection  of  m  bundles  x^,  ...»  Xj^^. 

The  cooanunlty  utility  function  u,  denoted  C.U. ,  is  defined 

by 


- 5 

xp  la  the  inner  product  of  the  vectors  x  and  p,  while 
X  0  means  that  every  component  of  x  is  non-negative. 


u(x)  -  Sup  |^f(xp  are  bundles  and  Ex^ 

Our  goal  Is  to  demonstrate,  among  other  results,  that  u  Is  a 
true  aggregate  utility  function  and  that  Y  Is  a  social  welfare 
function  for  the  model  under  consideration.  The  latter  result 
Is  given  In  Theorem  3*  while  the  former  means  that  for  every  set 
of  non-negative  prices  p,D  (p)  is  precisely  the  set  demanded 
wj!.th  utility  u  and  Income  1.  Formally,  we  must  show  that  If 
P  -  (ti*  ...»  ^  0  then 

P  (p)  -  |xju(x)  la  maximal  subject  to  x^  0  and  xp  <  1  j  . 


The  principal  results  of  this  paper  are: 

function  u  is  a  true  aggregate  utility 
function  for  the  model. 


2btj2Cta2.  If  X  €  D*(p)  and  u(x)  m  . xj 

*1  «  Dj^(p)  for  1  ■  1,  m.  Conversely,  if  x^  c  D^(p) 
i  -  1,  ...»  Of  and  *  "  u(x)  -  Y(xj,  x^). 


then 

for 


T^)SSESBL  5*  If  X  lo  a  biuidle  with  each  component  positive 
and  u(x)  m  y(x2^,  x^)  then  there  exist  price  p  such  that 

X  €  D*(p). 


Theorem  1  is  self  explanatory.  Theorems  2  and  3  may  be 
'^See  .‘yectlon  3. 
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Interpreted  in  terns  of  equlllbriiun  properties  as  follows; 

Olven  a  bxindle  x  then  the  collection  of  bundles 

x^s  •••,  and  the  price  vector  p  are  called  an  equilibrium 

distribution  and  prices  for  x,  respectively,  providing  p  is 
”  m 

a  non-negative  vector,  x.  c  D- (p)  all  i  »  1,  ...,  m,  S  x.  <  x, 

11  1.1  1 

and  px  ^  1.  This  is  the  standard  definition  of  equilibrium 
when  X  represents  quantities  of  the  goods  G^,  ...,  0^  avail¬ 
able  in  the  economy,  l.e.  at  prices  p  every  buyer  has  maxi¬ 
mized  his  utility,  there  is  sufficient  supply  of  each  goods  in 
the  economy  to  meet  the  demand  and  only  free  goods  (those  with 
zero  price)  can  be  in  oversupply.  Also,  for  a  fixed  bundle  x, 
a  collection  of  bundles  x^,  ^  is  called  a  tnAxtmizing 

distribution  for  x  providing  u(x)  -  •••#  ^)* 

Theorems  2  and  3  are  then  equivalent  to  (as  is  seen  trivi¬ 
ally  by  using  Iheorem  1  and  comparing  the  two  expressions  for 

d"(p)) 

Theorem  2*.  If  for  the  bundle  x  there  exists  an  equili¬ 
brium  distribution  and  prices  then  every  maximizing  distribution 
is  an  equilibrium  distribution.  Conversely,  if  x^,  ..., 
is  an  equilibrium  distribution  for  the  bundle  x  then  it  is  a 
maximizing  distribution. 

Theorem  3*»  If  x  is  a  bundle  with  each  component  posi¬ 
tive  then  every  maximizing  distribution  is  an  equilibrium  distri¬ 
bution. 

At  first  glance  one  may  wonder  why  Theorem  2*  does  not  say 
that  every  maximizing  distribution  is  an  equilibrium  distribution. 


This  l8  slaply  not  true.  For,  as  is  the  case  when  x  is  Iden¬ 
tically  zero,  the  set  of  equilibrium  distributions  is  empty 
while  the  set  of  maximizing  distributions,  in  view  of  the  con¬ 
tinuity  of  the  C.P.U.,  is  never  empty.  Bieorem  5*  does,  of 
course,  guarantee  that  an  equllibrixan  distribution  exists  in 
case  X  is  positive.  It  should  be  mentioned  that  Theorem  5* 
has  been  proved,  under  much  weaker  assumptions  elsewhere  (see 
[l] ) .  One  of  the  reasons  for  its  inclusion  here  is  that  other 
methods  of  proof  depend  on  general  fixed-point  theorems  while 
here  use  is  made,  essentially,  of  separation,  theorems  for  convex 
sets. 

Finally,  certain  uniqueness  questions  can  be  answered 
rather  easily  in  the  framework  of  our  fonnulatlon.  Bquillbrlum 
prices  need  not  be  unique  without  further  assumptions,  and  cer¬ 
tainly  one  cannot  expect  equilibrium  distributions  to  be  unique. 
However,  the  satisfaction  of  each  buyer  at  equilibrium,  or  the 
pay-off.  Is  unlqus. 

Theorem  4.  Suppose  that  for  a  given  bundle  x  thez^  are 
two  equilibrium  price  vectors  p  and  q  with  x^,  ...,  x^ 
and  y^^,  y^  being  the  corz^sponding  equilibrium  distribu¬ 
tions.  Then  «very  1»1,  ...,  ro. 

5.  Proof  of  Theorems.  We  shall  first  prove  several  lemnas. 
All  matrices  and  vectors  discussed  have  real  components  and  we 
use  the  conventional  notation  for  matrix  multiplication.  If 
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y  “  Tlj^)  afe  vectors,  then  xA  stands  for  the  vec- 

m  m 

tor  (  2  44^4  1#  •••,  2  ^.a.  )  and  Ay  stands  for  the  vector 

„  1-1  ^  ^  „  i-1  ^ 

n  n 

(  2  H.a,  ...,  2  T|.a_.)  while  xAy  stands  for  the  inner 

J-1  J  J-1  J 

product  of  xA  and  y  (or  equivalently  x  and  Ay)  l.e. 
n  m 

xAy  -22  ..  A  vector  Inequality  means  that  the  same 

J-1  1-1  ^  J  id 

Inequality  obtains  componentwise.  By  Is  meant  the  set  of 

*r 

real  k-tuples  x  -  with  >  0  1-1,  k.  A 

function  ^  ♦  R  (R  being  the  set  of  real  numbers)  Is 

concave  providing  ♦(Xx  +  (l-X)y)  >  X  ()(x)  +  (l-X)4){y)  for  all 
X,  y  e  r}^  and  all  X  in  the  real  interval  [O,  l]  ;  ()  is  posi¬ 
tively  homogeneous  of  order  r  (or,  for  short,  r-homogeneoua ) 
providing  r  is  a  real  number  and  ^(Xx)  «  X*’^(x)  for  all  x  e  R^ 
and  X  >  0;  when  saying  ^  is  continuous  we  shall  always  mean 
with  respect  to  the  relative  topology  of  R^  as  a  subspace  of 
R  .  We  also  say  that  ^  Is  quasi-concave  providing 
^(Xx  +  (l-X)y)  ^  a  whenever  0(x),  0(y)  ^  a  and  X  €  [0,  l] . 


Lerana  1. 

Let  A  be  an  m  x  n  matrix,  b  c  r”,  ^  R  a  con¬ 

cave  function.  Suppose  it,  b  have  the  property  that  for  some 
X  e  we  have  xA  ^  b,  and  suppose  Xq  has  the  property  that 
4)(xq)  Is  maximal  subject  to  Xq^  0,  XqA  <  b. 

Conclusion:  There  Is  a  vector  y^  €  r”  such  that 


(1)  x^jAy^j  -  byQ 


and 

for  all  X  e  . 

+ 


(2) 


^Uq)  >  pix)  +  (xq  -  x)AyQ 
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Proof :  By  -he  «axlmallty  of  4>(3Cq)  the  Ineqiialltiee: 

X  €  r; 

xA  ^  b 

<>(xq)  -  4>(x)  <  0 

have  no  solution.  Whence  It  follows  (see  Bieorem  1  of  [2] )  that 
there  Is  a  y  c  and  a  real  number  T)  ^  0  such  that  y  and 
11  are  not  both  zero  and 

xAy  -  by  +  T)  [♦(Xq)  -  ♦<*)]  2  0  for  all  X  €  . 

If  T]  ■  0  then  y  +  0  and  xAy^  0  for  all  x  >  0,  but  we 

asaxuned  that  xA  ^  0  for  aone  x  ^  0  hence  xAy  ^  C  unless 
y  -  0,  both  of  which  are  impossible.  Thus  T)  >  0,  let  y©  "  ’Tp^ 
then  yQ  €  R^  and 

^yo  “  ^^0  ^  X  e 


or 


♦(xq)  }  <>(x)  +  (b  -  xA)yQ  ,  for  all  x  e  rJ 
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Letting  X  -  Xq  in  the  above  we  get 

XoAyo  >  by^j 

but  XqA  <  b  and  c  ,  hence  x^Ay^  <  by^  .  Thus 
XqAYq  «  by^  ,  completing  the  proof. 

Lemma  2. 

Suppose  a,  3,  y  are  real  numbers  with  the  property  that 

(5)  a(l-X^) ^  7(l-^)i  for  all  X  in  some  open 

neighborhood  of  1. 


Then  ap  ■  y. 

Proof;  For  0  <  X  <  1  we  have 


a 


while  for  1  <  X  we  have 


a 


<  Y 


But, 


lim 

X  — ^  1 


1-X 

1-X 


0 


p  (as  may  be  seen,  for  Instance,  by  dif- 

1-xP 


ferentiating  the  numerator  and  denominator  of  the  quotient 


1 


P-1563 

7-14-58 

-10- 


wlth  respect  to  X).  Thus  y  ^  and  ap  ■  y. 

Lesfift  5. 

If  A,  b,  Xq  satisfy  the  assumptions  of  Lemma  1  and  in 
addition  ^  is  1- homogeneous  then  ^(xq)  -  x^Ay^  and,  thus, 
(2)  may  be  written 

(3)  for  all  X  e  . 

•  I^t  X  be  a  non-negative  real  number.  In  (2)  let 
X  -  XXq,  we  then  have 

+  (xq-XXq)  Ay^ 

-  1^(xq)  +  (1-X)  x^AyQ 


(l-X)  ♦(xq)  >  (l-X)  x^Ay^j 


Applying  Lenina  2  we  have  ♦(Xq)  -  x^^Ay^. 


Lssna  4. 

Let  positive  numbers  satisfying 

Then  for  any  a  -  (o^,  •*•#«„)€«![!  we  have 


m 


1. 


(4) 


m 

T 

1-1 


m 

r 


1—1 


(where  a  -  s  a, ) 
i-1 


and  eq[uallty  holds  In  (4)  if  and  only  if  ® 


Proof;  If  a  ■»  0  (l.e.  a  •  0)  then  the  conoluslon  Is 

a. 

trivial.  Suppose  a  >  0,  let  "  a  consider  the  func- 

Pj  Ttt 

tion  f(c)  •  TT  defined  for  all  c  «  {y^,  e 

for  which  2  «  1.  This  function  is  continuous  on  a  compact 

set  hence  achieves  its  maximum  at  Cq  -  (y®,  y°).  Note 

that  Cq  >  0  for  otherwise  f(cQ)  «  0  which  clearly  is  not 
the  maximum  value  of  f.  But  f  is  differentiable,  hence  all 
partial  derivatives  of  f  are  zero  at  c^,  as  are  all  partials 
of 


m  m»l  n-1 

log  [f(c)]  -  ^2^  log  y^  -  ^2^  log  y^  +  log  (l-^Z^y^) 


Thus 


0 


or 


i**l ,  .  •  • ,  m**  1 


Pi 


for  i-l,  . . . ,  m  . 


But 


m 

2  P. 
i-1  ^ 


m 

2  Y 

i-l 


0 

i  “ 


1 


f 


thus 
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Thls  shows  the  roaxlMun  of  f  occurs  at  the  unique  point 
c  *  as  was  to  be  proved* 

Lewma  3. 

Let  ^  -  rJ  R  be  continuous,  quasi- concave,  l-homogeneous 
and  ^(x)  y  0  for  all  x  e  R^  .  Then  the  following  are  equiva¬ 
lent 


(i)  ^  is  concave 

(11)  ^  is  non-decreasing  (l.e,  ♦(x)_^  ^(y)  if  x  >  y) 

(ill)  t  (*  +  y)^  ♦(x)  +  ^(y)  for  all  x,  y  c  rJ 

(iv)  ^(x)  -  0  for  all  x  i  or  ^(x)  >  0  for  all  x  >  0. 

Proof.  We  shall  show  that  (l)  implies  (li),  (il)  implies 
'  (ill),  (ill)  Implies  (iv)  and  finally  (iv)  Implies  (i). 

Suppose  ^  is  concave  and  for  soise  x,  y  c  R^  we  have 
X  <  y  and  0(x)  >  ♦(y). 

Let 


«  ky  +  (l-k)  X  «  k(y-x)  +  x  €  ,  k-1,  2,  ... 


Then 
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Thus  by  concavity 

4>(y)  >  i  i>{\)  +  (!-•) 


or 


k  [♦(y)  -  <l(x)]  +  ^(x)  >  4)(zj^)  >  0  . 

This  is  clearly  a  contradiction,  since  k  [<>(y)  -  ^(x)]  may  be 
made  arbitrarily  close  to  —  00  by  chosing  k  sufficiently 
large.  Thus  ^  is  non-decreasing. 

Secondly,  suppose  ^  is  non-decreasing.  If  ^(x)  and 
^(y)  are  both  positive  then,  using  quasi-concavity  of  (),  and 
since 


♦  (5^)>  ■  "  -  ♦  ’ 


we  have 


.  t  (_-S-±JL\  .  k  +  _ik) _ SL-A 

^(x)+<)(y)  \|>(x)+<)(y)y  l^(x)+i>(y)  4)(x)  <)(x)+<>(y)  ^{y)J 


>  1  . 
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Thus  ♦(x  +  y)^  <>(x)  +  <)(y). 

If,  then,  <)(x  +  y)  <  ^(x)  +  <)(y)  it  must  be  that  either 
^(x)  -0  or  ^(y)  -  0  but  this  would  contradict  the  fact  that 
^  la  non-decreasing.  We  have  thus  shown  that  (ll)  implies 
(ill).  To  prove  that  (ill)  Implies  (iv),  suppose  there  is  an 
X  >  0  with  ^{x)  •  0.  Now  for  any  0  there  la  a  n  >  1 

such  that 


z  «  M-x  +  (l-n)y  e  rJ 

(if  y  <  X  then  z  €  for  all  >1^0,  otherwise  let 
y  -  •••.  \j)#  X  -  and  let  M-  -  ~~  >  l)  • 

V?! 

Now 

x-jz-f(l-~)y 

and  thus 

0  -  ♦(*)  >  0(f)  *  ♦ 

hence  ♦  ^  ♦(y)  -  0,  and  ♦(/)  •  0,  thus 

showing  that  |>(y)  «■  0  for  all  y  e  R®  .  Finally,  we  show  that 
(iv)  implies  (l). 

If  |>(x)  -  0  for  all  X  €  then  ^  certainly  Is  con¬ 
cave.  Assuming  <)(x)  >  0  for  all  x  >  0  and  Is  not  con- 


cave  we  have 
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(t)(Xx  (1  -  X)y)<H(x)  +  (!->)  4)(y) 

for  some  x,  y  e  and  X  e  (O,  l).  Let  z  «  ^  - ~  ^  y  then 
^(x  +  2)  <  ^(x)  +  ^>(2).  As  above,  if  0(x),  ^(y)  >  0,  we  would 
have  (using  quasi-concavity  of  ^(x  +  z)  ^  ^(x)  +  ^(z). 

Thus,  say,  ■  0  and  we  have 

4)(x  +  z)  <  4)(x), 

Talcing  a  sequence  converging  to  z  with  each  Zj^  >  0, 

we  have  +  z^)  ^  ^’(x)  +  ^(z^) ,  but  by  continuity  of  ^  we 

must  also  have  ^{x  +  z)  ^  ()(x)  +  ^(z).  Completing  the  proof. 

Lemma  6. 

The  C.P.U,  y  is  concave  and  continuous. 

Proof.  By  Lemma  5  we  see  that  each  Uj^  is  non-decreasing 

so  that  Y  is  non-decreasing,  Y  is  also  continuous  since  each 

Uji^  la,  and  of  course  Y  is  l-homogeneous .  It  remains  to  show 

that  Y  is  quasi-concave.  Consider  the  functions  f(^2^,  ...,  ^ 

»  f(x)  «  T  ^  defined  for  all  x  >  0  and  g(x)  -  log  f(x) 

1  ^ 

defined  for  all  x  )>  0.  Now  if  denotes  the  1,  k  partial 

derivative  of  g  then 


Pi 


-0  If  1  +  k  and  gj^j(x) 


7 
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Kenc*  (6«e  [sj  p.  87,  No.  35)  g  la  concave  and  f  la  qxiasl- 
coneave  In  the  Interior  of  but  being  continuous  It  must 

be  quasl-coneave  over  all  of  .  Now  If 

r  (X;^,  x„)  <  t  (y^,  y„) 


then 


m  r  1  i 

f  (Xx^  +  (l-X)y^,...,  XXjjj  +  (l~X)yjj^)  »  r  +  (l“^)yjLj 

m  r  -I  ^1 

_> 


c«apletlng  the  proof. 


I^BWW  7« 

The  C.U,  function  u  Is  concave,  continuous,  1-homogeneous 
and  u(x)  ^  0  all  x  c  r”  . 

Proof.  That  u(x)  ^  0  for  all  X  e  r”  Is  trivial.  To 

show  hoaogeneltyi  let  X  >  0  and  let 

u(x)  -  (Xj,  ...,  Xjjj),  u(Xx)  -f  (yj^,  ...,  yjjj) 


m 

2  X,  <  X, 

1-1  ^  ■ 


m 

2  y.  <  Xx. 
1-1  ^ 


then 


Thus 
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m  ni  y. 

Z  >x.  ^  Xx  and  Z  , 

1-1  1-1  ^ 


whence  it  follows  that 


Y  (Xx^,  (y^j*  •••i 


and 


(x  "  *“"  (x^»  Xjjj)  . 


But  Y  is  1- homogeneous  so 


X  Y  (x^,  . . . ,  <  y  (yi»  •  ♦  •  i  ym^  1  ^  y  ^^1>  •  •  • " 


or 


Xu(x)  <  u(Xx)  ^  Xu{x) 


and 


u(Xx)  -  Xu(x)  . 

We  show  next  that  u  Is  super-addltlve  (i.e.  for  any  x,  y  € 
u(x  +  y)  u(x)  +  u(y)). 


+  a 


p.p63 
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L«t 


u(x)  -  V  ...»  Xjjj) 


u(y)  -Y  (y^^,  ...,  yjjj)  . 


Hence 


m  m 

£  X.  <  X  ,  2  y^  <  y  , 

i-1  ^  ~  1-1 


thus 


m 

^Mx^  4-  y^)  ^  X  +  y 


whence 


u(x  +  y)  >  Y  (xj  4  y^^,  *  • "  ^  * 

but  by  Lenna  6  Y  is  super-addltlve  thus 

u(x  4  y)  ^  Y  •••>  x^)  +  Y  (y^/  y„)  -  u(x)  4  u(y). 

It  Is  clear  that  honogenslty  and  sup«]>-addltlvlty  of  u  suffice 
to  show  that  u  Is  concave;  It  Is  of  Interest,  however,  and 
not  difficult  to  demonstrate,  that  u  Is  also  continuous.  Let 
be  u  i  in  R*  converging  to  x  In  R^  . 


Let 
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u(x^)  *»  y  (x^,  x^)  and  let  u(x)  «y  ...,  x^^)*  Since 

k 

the  x^  are  bounded  we  may  assiune,  taking  a  subsequence  if 
necessary,  that  the  x^  converge  to  x^  in  R"  .  Hence,  by 
continuity  of  y  ,  the  y  (x^,  ...,  x^)  converge  to 

m  T_  Vc  ^ 

y  (x, ,  . . . ,  X  ) .  But  2  x^  <  x*^  hence  2  x.  x  and  thus 
^  i»l  ^  1*1  ^  " 

Y  (xy,  ...,  Xj^)  ^Y  (x^,  ...,  Xjjj)  .  We  thus  see  that 

11m  u{x^)  <  u(x) . 

Let  x  *  ...,  ,  x^  =  ;  we  may 

assume  that  /  0  for  all  k  whenever  >  0.  Let 


X 


k 


let  \  “  1.  all  k). 


v  ✓  k 

then  Xj,  >  0  and  X^^  converge  to  1.  But  Xj^x  <  x  so  that 

1.  jjj 

y.  X.  X,  <  X  (because  we  may  assume  that  2  x.  -  x).  Thus 
1*1  1  -  1-1  1 


and,  since  the  Xj^  converge  to  1,  we  have 


Y  (x^,  ...,  x^)  »  u(x)  <  Um  u(x^)  . 


Hence  u(x)  »  11m  u(x^),  completing  the  proof, 
k 

We  now  proceed  to  prove  Theorems  1-4. 


m 

Proof  of  Theorem  2.  Suppose  e  Dj^Cp)  and  2^  x^  »  x  . 
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By  Lenana  3  we  know  there  exist  a^j  all  non-negative, 

such  that  for  each  1«1,  m  we  have 


(5) 

“i®i  *  “iV  "  “i(\) 

(6) 

^iP  < 

(7) 

a^yP^Uj_(y)  .  for 

every  y  e  R_j_ 

Note  that 

>  0  for  each  i*=l,  ....  m, 

because  otherwise 

would  have 

*  0  for  all  xj  hence 

^i  *  ^1^’ 

u(x)  }  y  (x^,  ....  x^)  , 

if 

u(x)  -  y  (yj.  ....  yjjj)  >  y  {x^,  ....  x^) 

then 

m  p,  a  .a  ,  m  p. 


Pi  a  ^ 
-1  ^  1-1  - 


thus 
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But 


hence 


m 

Z  y .  <  X  , 

1-1  ^ 


m 

2:  y.p  <  px  »  1 
i»l  ^  ~ 


which  contradicts  Lemma  4.  Thus  u(x)  -  y  (x^j  x^j.)  • 

Now  if  X  €  D  (p)  and  u(x)  »  y  {x^,  x  ),  let 

^  o  o 

V  *  X,  where  xV  e  D,  (p).  Using  (5)  -  (7)  and  the  fact  that 

1—1  ^  1  A 

Y  (x^,  x^)  »y  x^)  (see  first  part  of  this  proof) 

we  i-iave 


m 

TT  (“.PJ 
1-1  ^  ^ 


^1 


m 

»  TT 
1-1 


in  m 


p, 


Hence 


m  P,  m 


^  j  •••  I 

IT  P,  ^  <  TT  (X.p) 

1-1  ^  “1-1  ^ 

m  m 

but  Z  X.  <  X  so  that  Z  x.p  <  xp  »  1, 

1-1  i  1-1 


and  thus  by  Lemma  4 


XfP  »  ard 


u^(x^)  -  . 


Hence  if  y  e  rJJ  ,  and  yp  <  P^^  then 


u^{y)  <  a^yp  <  • 


in>  As  was  to  be  shown. 


Thus  X.  s  D  (p)  for  each  1-1, 

1 

Proof  of  Theorem  3.  By  Leima  1  there  exists  q  € 

+ 

such  that 


m 

q  2  X.  -  qx 
1-1  ^ 


and 


for  every  y^,  ...,  y^^  such  that  y^^  e  r”. 


Let  y^  -  X  Xj^,  where  X  2  0  then 


(l-^)^»’l[uj^(xj^)^  ^  >  (1-X)  -  (1“^)  q* 


thus 


'  >  0 


Let  p  -  -St  then 
qx 


(8)  1  2  » 

1-1 


Ui(xi) 


MS 

^  *^l\^^l  "  ^1^  ^1  * 


For  a  fixed  k,  let  y^ 


Xj^  if  1  +  k,  -  Xxj^  where  X  >  0. 


+  p 
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V  ^  4 

Thus  1  /  ^  P  ^  (l"^)  hence  by  Leinma  2 


-  pXj^  for  every  k»l ,  . . . ,  m  . 


Now  for  a  given  k  let,  in  (8),  yi  “  i  +  ^  a-nd 


■  X  then 


(9) 


1  > 


K‘*k)J 


+  p(x^  -  x)  for  all  X  e  R* 


Thus,  if  X  €  and  xp  <  «  Xj^p  then 

k 


1> 


,  or  Uj^(x)  ^Uj^(x,  ) 


Thus  Xj^  €  Di^(p)  for  k»lj 


n. 


Proof  of  Theorem  1.  Suppose  x  e  D*{p);  we  wish  to  show 

that  for  any  y  c  r“,  If  yp  <  1  then  u(y)  <  u(x).  Let 

m 

X  «  2  Xj^  where  €  D^(p),  and  let  u(y)  -  f  (y^,  y^^^) 

1“1  m  ID 

hence  2  y,  <  y  and  thus  2  y,  p  <  yp  <  1,  Thus  by  Lemma  4, 

1-1  ^  ■  i-1  ^  " 

and  using  (5)  -  (7)  we  have 


Bl 

-  f(yi.--.yn3)  -  u{y) 


Hence  u(x)  >  u(y). 


Conversely,  suppose  x  inaximlzes  u  subject  to  x  ^  0, 

m 

xp  ^  1.  Let  u(x)  •  ^(^1*  •••#  then  2  ^  x.  Also 

p  +  0,  for  otherwise  u(y)  •  0  for  all  y  which  is  clearly  not 
the  case,  thus  we  apply  Lenna  3  which  tells  us  that  there  is  an 
Tl  ^  0  such  that 

T1  px  -  T)  •  u(x)  >  0  and 

Tl  py^  u{y)  for  all  y  e 


Now  for  any  »  *  •  •  *  yni  ^  have : 


(9) 


in  I 


thus 

(10) 


m 


m 


P  2  y  >  T 
1-1  ^  1-1 


iP, 


u^T^ 


for  all 


"*  ^  K 


Hence  for  every  1-1,  ...,  n  and  every  X  >  0  we  have 


1 


(1  -  ^)P 


thus,  by  Lenna  2,  ■  p  . 

Now  if  y  c  r“  and  yP  1  Pjc  8®^ 


'“k(y>, 

“kK’ 


<  P 


•t  y 


<  1 


Xj^p  +  yp  <  1 


or  'ii^(y)  1  *1  *  ®* 

m  ^  « 

But  px  -  1  >  2  px,  -  1,  thus  px  -  z  px.  hence  x  e  D  (p)  . 
1-1  ^  1-1 
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Proof  of  Tlieorem  4.  Let  p,  q  be  equlllbriiun  price  vectors 
for  the  bundle  x.  Let  x^,  . . . ,  x^  and  be  their 

corresponding  equilibrium  distributions.  Let  be  the 

corresponding  numbers  appearing  In  (5)  -  (?)•  Then  a^,  >  0 

for  every  1  and 


Thus,  say,  2  ^  P  <  1. 

1  ^1  ^  “ 


By  Lemma  4  we  then  have 


m 

V 

1^1 


a. 


^1 


hence 


m 

TT  a. 
1-1 


m 

<  TT  a, 
-1-1  ^ 


0. 


But 


Ui{Xi),  -  U^(y^) 


and  by  Theorem  2* 


m 

T 


i-1 


^1 


3 


i 


hence 


m  P. 

T  a.  •  IT  a.  ^ 
1»1  ^  ^ 


and  by  Lenana  4 

“i 

aq  -  ^1  ^  or  “i  -  \  . 

Consequently  u^(xj^)  -  u^(y^)  .  Q.E.D. 
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Concluslon.  We  have  shovm  that  under  the  assumptions 
listed  In  the  first  paragraph  of  Section  2; 

(l)  A  concave,  homogeneous  and  continuous  community- 
utility  function  exists. 

m  r  iPi 

(il)  A  social  welfare  function  Is  given  by  t  u. (x.  ) 

m  l-lL  ^  ^  -I 

or  equivalently  by  V  0.  log  u.  (x. ).  This  function 

1-1  ^  11 

Is  concave  hence: 

(ill)  Equilibrium  distributions  and  prices  may  be  character¬ 
ized  as  the  primal  and  diial  variables,  respectively, 
of  a  concave  programming  problem  with  linear  constraints, 
the  constraints  being  the  usual  market  budget  inequal¬ 
ities  (l.e.,  the  requirement  that  none  of  the  goods 
be  over-demanded).  Ihe  objective  function  is,  of 
course,  the  social  welfare  function  given  in  (il). 

(iv)  While  equilibrium  prices  and  distributions  need  not 
be  unique,  the  pay-offs  are. 
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